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Abstract

Using the Principle of General Covariance, the mogtine affine connection and the
relativistic equations of motion of a fluid in accalerated reference frame are obtained
from the coordinate transformations between inleatia accelerated observers. Firstly,
it is assumed that the Gravitational field credigdhe fluid is negligible, which implies
absence of gravity and flat space-time. The gréaa@tage is that the coordinate
transformations are explicit in the relativisticuajons of motion as variables and so
they can be obtained by solving them. The availdbtrees of freedom fix the
independent variables and the rest will be funstiohthem. In the case of rotational
motion this means that the time coordinate tramsédion depends on the only degree
of freedom, that is, the angular velocity of thadl In this way, the angular velocity
can be chosen to achieve that time coordinateftranation is a function that allows
the perfect fluid the travel to the past, at a caesistent with time dilation, checking
that the external force applied is finite and dsstng if this solution is physically
possible. In the Appendix the formalism is geneedito the case in which gravity is
present.

Keywords: classical general relativity, flat spdicee, accelerated frames, coordinate
transformations, time travel, scalar field, darkemy.

1. Introduction

There are basically three ways in which time traredes in General Relativity: rotating
space-times containing Closed Timelike Curves (QTG%], other geometries with
CTCs [6-11] and space-times which allow for fasian light travel to generate CTCs
[9-10], [12-14]. These models present several praladifficulties depending on the
particular CTC containing geometry: the TomimatstieSyeometries in vacuum
involve a naked singularity, the CTC region in Ker space-time is confined behind
an event horizon, superluminal travel often regairbstantial quantities of exotic
matter [15], [16] and other models need infinitiyge distributions of matter.

However, there is an alternative based on the Pieof Equivalence of Gravitation
and Inertia postulated by Einstein in the Genegdafvity. As we know, it is easier

to handle inertia appearing with the acceleratetianahan gravity, although the
effects in both cases must be locally equivalene B this, it is possible to find metrics
originated as a consequence of accelerated matitvavel to the past.



Unfortunately, there are different ways to deahvatcelerated motion in relativity [17-
27] and there is no general agreement on how tie Wré metric tensor of the
accelerated reference frame not even the coordiratsformations between the inertial
and accelerated frames. There is no agreement eithgow to establish the relativistic
transformation to rotating frameBhe paper of Klauber reviews different theories of
relativistic rotation [28].

Although there is no agreement either on the foathh of the Principle of General
Covariance [29], we follow the definition given|[B0] to obtain the relativistic
equations of motion of the fluid in the acceleratel@rence frame from the coordinate
transformations between inertial and acceleratatéss. Doing this, the coordinate
transformations appear as variables in the retditovequations of motion and so they
can be obtained by solving them. In order to stieerelativistic equations of motion
we need to fix the gauge, that is, the referermeér.

In the case of rotational motion, we will use theng spatial coordinate transformations
between the inertial and rotating frames as in f@®] [31-36] to obtain the metric, the
affine connection and the relativistic equationsnaition in the latter. The time
coordinate transformation will be determined by glaeige. The gauge will be chosen so
that the fluid remains at rest with respect tortitating reference frame and to achieve
time dilation, which guarantees validity to reladhic rotational velocities. Finally, we
obtain the density of the external force actingtanfluid from the relativistic equations
of motion. It is important to note, that all thgsequivalent to finding solutions of the
relativistic equations of motion that depend ondhby degree of freedom, that is, the
angular velocity of the fluid as we will see insen 4.1.

This paper shows the possibility of travelling he fpast using a simple model of
rotating perfect fluid without pressure. Firstlyis assumed that the Gravitational field
created by the fluid is negligible, which implidatfspace-timeThe time coordinate
transformation between the inertial and rotatirzgnfe will be depend on the only
available degree of freedom, that is, the angudémoity of the fluid, so this can be
chosen so that the fluid goes back in time. Finallg external force applied on the
fluid is calculated from the relativistic equatianfsmotion checking that it is always
finite and discussing if this solution is physiggtiossible.

The main advantage is that in this flat space-@H€s are not needed to go back in
time. Instead of that, the angular velocity of thid is chosen so that the time
coordinate transformation between the inertial endting frames is a pointy function.
The function has this shape to allow the travelrig time in the past and to be
compatible with time dilation. This is so, becatlse travel to the past in a flat space-
time must be understood as follows: on the rotading inertial frames, time always
goes forwardHowever, if the clocks on the rotating frame S ddu¢ compared with
clocks on the inertial frame S’, the latter woutdlack at a rate determined by time
dilation. In order to achieve this time revershé function must go from increasing to
decreasing so that it must reach a maximum, whigst foe pointy to be compatible
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with time dilation. Other advantages are: neithegdhamounts of matter that curve
space-time nor exotic matter or negative energyaegled and also the mass-energy is
conserved in the Lorentzian frame of the observezs.

However, the shape of this function implies that éipplication is not a diffeomorphism
which could cause physical problems. Neverthekgsthe time in which the derivative
diverges, due to the redshift, the wavelength pii@ton emitted in S is infinite for the
observer S, and its energy is zero, so it canddtected. The same is true for any
radiation. In addition, during the travel to thespaince the time on the inertial
reference frame S’ is reversed, any signal emitted S to S” is propagated in the
opposite direction for an observer in S” and itareeaches him. The same happens for
signals emitted from S” to S from the point of viefathe rotating observer. This is
something similar to what happens inside a blad& hat in our case, the metric has a
time singularity as we will show in Section 5.2. @&sesult, both observers cannot
measure the same events and they can’t comparekbeks? For these reasons, none
of them is aware that the time reversal takes pdackthere are no contradictions.

Finally we consider the case when the Gravitatifiedd created by the fluid is
important and therefore gravity is present.

Sections 2 to 5 consider the motion in a flat sgane without gravity. Section 2
studies moving reference frames and the inertdd fiexplaining the differences
between gravity and inertia and the meaning of tifextion 3, analyzes rotating
reference frames. In section 4, the previous resutt applied to obtain the relativistic
motion of the rotating perfect fluid without pressuln section 5, the force applied on
this model of rotating fluid is calculated to gackan time discussing if this solution is
physically possible. Finally, the Appendix connestth the equations of the field and
gravity.

2. Moving reference frames

There is no agreement on how to write the coorditrainsformations between the
inertial and accelerated framé&ar this reason, the coordinate transformationd use
here to construct the metric are presented in argeform. Moreover, we will use a
different gauge to constrain the available degofdéseedom and to achieve time
dilation.

2.1. Equations of motion

! This is valid, at that time, even if there is itod reversal and the fluid continues travellingtte future
as indicated in the previous paragraph.

% In general, due to the difficulty to synchronizeelerated clocks with inertial clocks, the clook$oth
frames must be synchronized before starting theomotever after, as indicated in section 5.1.
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When relativistic dynamics is studied, it is coneen to define two observers linked to
two different reference frames: one that is considat rest and the other moving with
respect to the first. From now on they are goinged&known as reference frame at rest
S” and moving reference frame S.

Let S” be an inertial reference frame in whichfthil is initially at rest and the laws of
Special Relativity are valid globally or at leasthin a finite volume. In this frame the
metric is the Minkowski metric

-1 000
0 100

,7;1v = 0 010 =,7v;1' (1)
0 001

An observer located in S” defines Cartesian coatdsx'” = (t',X,y,Z) to locate
events. Let S be a moving reference frame witheetsip S™ in which other coordinates
x* =(x°,x",x%,x%) are used to locate events.
The equations of motion in S” of a fluid moving enthe action of an external force are
according to the laws of Special Relativity [30]

oT'#
S X
The equations of motion must be invariant under@mrdinate transformations
according to the Principle of General Covariandeosein [30]. The coordinate
transformations between S” and S are functionseofdrmx’# = x'#(x°,x*,x*,x%). The
only condition imposed is that they must be in\@eti The inverse transformations are
functions of the fornx” = x“(t',X,y,Z). The necessary and sufficient condition for
this to be true is that the Jacobian of the transédion is nonzero.
Let’s suppose that the coordinate transformatioagkbal continuous functions, over
all space-time or at least the volume of the fldiden, carrying out any coordinate
transformations from S” to S, in the equations ofiam (2) , we can find the equations
of motion of a fluid in any reference frame, foaexple S

f'e

(@)

frH=TH,= oT™ +TOTH $THT# (3)
a axa ap aB
where
U
Fu ::Xme'”. (4)

is the density of the external force and’ is the energy-momentum tensor. The metric
is

XY ox'’F

Tuw =11e8 3 o

()

and the affine connection is

® From now on, a system of units in which the spafdiyht is unity (c=1) is used and any index that
appears twice, once as a subscript and once gmeesstipt is understood to be summed over.
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r/l = Aa Ha va _ MV ) 7
w2 (ax“ ox*  ox” (7)
Moreover
Y% ra
L (8)
ox'? ox”

The principle of General Covariance set out in [&@]s that equations of motion (3) are
true in any reference frame in the absence of tyahiat is in a flat space-time as we
will show in section 2.3. In practice, this happerigen the gravitational field created by
the fluid is so weak that it barely curves spaoeetiln addition, they are the same as in
a true Gravitational field in the presence of exaé¢forces [30], [37] according to the
Principle of Equivalence. It is important to ndbat the equations of motion (3)
explicitly show the coordinate transformations begw S” and S through the affine
connection Egs. (6) and so the coordinate transtboms appear as variables, so they
can be obtained by solving them.
In order to solve the relativistic equations of mot(3) we need to fix the gauge, that is,
the reference frame. If the reference frame S aseh so that the fluid remains at rest
with respect to it, then

dx'

o 0. 9
Equations (9) do not fix the gauge alone. It isassary to add another condition: the
time-time component of the metric has to be invdria

Ow =/l = -1 (10)
This condition is needed for both the fluid and tbference frame S comove in time.

2.2. Meaning of time
As it is well known, the three spatial dimensions eharacterized by freedom of

motion. This is not so in the case of time as demonstrated below.
Equation (10) and the time-time component of E§sgive

N 2 N 2 N\ 2 N 2
(G_Xj + [a_yj + [6_2) =-1+ [6_’[) . (11)
ot ot ot ot

On the other hand, the components of the velodify with respect to S™ are

_ ox"!
i o ot
V' = G o (12)
ot

since S is at rest in its own reference frame.



In addition, the magnitude of the velocity is cddtad with Eqgs. (12) and (11)

<1. (13)

This equation shows, as expected, that it can revgreater than unity, that is, any
reference frame can’t move at a speed greaterthigaspeed of light, with respect to S”.
From Eg. (13), it is found

=y, (14)

This equation explains time dilation when veloditgreases which guarantees validity
to relativistic velocities and for this reason, éimlilation serves as an experimental test
to check the validity of Eq. (10), or equivalentiyne dilation is due to the Eq. (10). It
shows that, in the absence of gravity, a cloclest relative to another will run at the
same rate, while one that moves relative to fiifitindicate its own time, different

I

. . .. 0Ot : .
from the other. In particular, the velocity of nastiin tlmeE of S with respectto S

depends on its spatial velocity. * In brief, time is the fourth dimension in whictetie

is no freedom of motion because motion in timeasindependent of motion in space,
but depends on it as in Eg. (14). This dependeradeemit possible to determine the
spatial velocity of a fluid to go back in time. Taaswer will be found in the following
sections.

2.3. Inertial field

The curvature tensor in S can be defined as aiimof the affine connection

r/\ r/l
R o =i o o s _pa s (15)

axg OX” w' oa uo' va*

Since the curvature tensor in S’ is clearly zdrfmliows from the laws of
transformation of the tensors that it is also Zerany other reference frame
R o =0. (16)

This result implies that space-time in S is alst ithstead of curved and that gravity
does not appear either in the moving referencedram
The Ricci tensor is obtained by contraction of¢bhevature tensor and it is also zero
according to Eq. (16)

R, =R =0. a7
This equation shows that the field in S has notsibut it is originated only by the
motion of S with respect to S’, that is, the irariield has not sources which curve
space-time.

4 As we know time also depends on the positiongnaaitational field.
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3. Rotating reference frames

There is no agreement either on how to establishdlativistic transformation to
rotating frameskor this reason, we will use the same spatial anate transformations
between the inertial and rotating frames as in 8] [31-36] while time coordinate
transformation will be determined by the gauge Q) compatible with time dilation
Eq. (14).

3.1. Coordinate transformations

A rotating reference frame S is an acceleratedente frame with an interesting
property: it moves in the same place.

In this case it is convenient to define cylindricabrdinatesx” = (t,r,é,z) in S for
practical reasons. If the motion is circular, tveuations must be added

X!Z + y!2 — r2
Z=z } (18)
The coordinate transformations from the referenamé at rest S” to the rotating
reference frame S compatible with Eqgs. (18) are

t'=t'(t,r)

X = rcos{@— ¢(t)]

y =rserd-p@)][

Z=z

(19)

These coordinate transformations can be obtainebliyng the relativistic equations
of motion (3) as we will show in Section 4.1.
The Jacobian of the transformation is

ot’'
JX' - X)=r—. 20
( ) p (20)

3.2. The metric tensor

The metric in S is calculated with Eqgs. (5) and) (19
ot | d¢j2 ot at’ , dg
== — | +r°|=L| =- = =—-r-—=, =0,
gtt [atj [ dt :Lgtr at ar gtB dt gtz
ot'

2
grr :1_(a_rj !grﬁ = olgrz = 0’ (21)

U =7%.9, =00, =1
where Eg. (10) has been used in the first.
The first of Egs. (21) can be written as



LS I (dfpj (22)
a d

This equation has two solutionghe positive solution implies that increases with,
at a rate compatible with time dilation as prouwedection 2.2. The continuity of the
metric (21) implies the positive sign in Eq. (2Bpwever, the, and g,, components
of this metric may have a singularity that chartggrtsigns or only one of them, just

like it happens at event horizon of a black holthwie radial component of the
Schwarzschild metric [38], but in our case, thera time singularity. The change of

sign of theg,, component makes possible the change of sign if229 which ensures

a decrease df ast increases and the travel to the past. This ish@ndey point to
travel to the past. In section 5.2 we will sednistis physically possible, which would
allow the fluid to go back in time.

3.3. The Affine Connection

The affine connection is calculated through Egg.\ith the inverse of the metric
tensor given by

ox* ox’
m o= @ 23
T oxX ox'P (23)
the metric Eqgs. (21) and its derivatives
2
ofer (22 w2t {3
= dt /) or\ dt dt dt = dt
tt d¢ o _—d¢
1+r ( j 1+r ( j
dt dt
) ot' ot' dg ot' 0%t' ) ot' ot’
rttg - — at ar dt rrlr - at ar r;g - at ar
1+r (d¢j 1+r (dqﬁj 1+r [dqﬁj
d d dt
2
WY o) () -
r
Mg =- ( j g =T g =~ rtf} = 2 (24)
dt dt 1”2(d¢j
dt
dg Lot Gt'(dﬂz ot 9%’ dg
I—H - dt rH - _ at ar dt r@ — 6'[ al’ dt

tr

2d¢2’t6'_ 2%2’” d¢
R )

® From now on, both signs will be shown except & ¢hse when the choice of one of them is justified.
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at' ot de
r _r

rrge ==l g .
' 1+ rz(dqjjz
dt

The rest of the components are zero.

4. Rotating perfect fluid without pressure

4.1. Equations of motion in the rotating referencérame

In this section we apply the above results to thmpkest model of fluid, that is, a perfect
fluid without pressure. A perfect fluid has no \sity and no heat conduction in the
Momentarily Comoving Reference Frame (MCRF). A ptes-free perfect fluid
represents a fluid without interaction betweenipkes, so there is no motion of the
particles in the MCRF and neither its particleseneandom motion. It is like a model of
dust. In this case the energy-momentum tensoreopénfect fluid is

dx* dx”
TH = p— ) 25
P dr dr (25)
where
2 _ _ a B
dr®=-g_dx“dx (26)

is the equation of the invariant interval, beidgthe proper time.
If the fluid is at rest in the rotating referencarhe S, then Egs. (9), Eq. (10) with Eq.
(26) and Eq. (25) give

% =1 (27)
and
T'=p, T"=T"'=0, T'=0 (28)

In addition, if the mass-energy is conserved ith® continuity equation of the fluid
must bé&

f''=0 (29)
and since the components of the density of thereakéorce f'# are calculated
through Eqs. (4)

_ox'*
oxe

fre

fe (30)
the Eq. (29) gives

® This equation is not covariant so it is only vatidhe reference frame at rest S”.
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1+ rz(d¢j2
dt t=t,

(3]
dt

This equation shows that the proper energy denéitiye fluid o is always positive or
zero.

The components of the density of the external fapdied to the fluid in S are
calculated using Egs. (3), (24), (28) and (31)

(2] (T 3(2)
dt ), dt ) or dt

P =P (31)

fl=xpr — (32)
0]
dt
] ]2
dt ), [ dt
fr:—pir '—2 , (33)
1+r2(d¢
t
{1+rz(d¢j2 }[ir Lip? d¢j2 at’(d¢j3 d2¢]
dt )., t ) or \ dt dt?
fo=p (34)

f?=0. (35)
The rotational motion and the time travel are ahlg to the radialf " and the

tangential f  components of the density of the external forags. E33) and (34) and

from now on, only these two components will be nefé to.

Taking into account Egs. (8) and introducing E@3.anhd Eqgs. (25) into Egs. (3) and
adding the gauge given by Egs. (9) and (10) andahstraints Eqgs. (18), (26) and (29),
we have a system of twelve differential equatioits ¢hirteen unknowns which leave
one degree of freedom. The solutions are: the coems of the four-velocity Egs. (9)
and (27), the coordinate transformations Egs. {@®) Eq. (22), the proper energy
density of the fluid Eg. (31) and the density a&f #xternal force Egs. (32) to (35). They
are solutions of the relativistic equations of raptin the rotating reference frame as a
result of the chosen gauge, as expected by cotistmuand they depend on the only
degree of freedom, that is, the angular velocittheffluid. This guarantees that if we
apply the density of the external force on thedflgiven by Egs. (33) to (35) in the
rotating reference frame the coordinate transfoionatwill be given by Egs. (19) with
EqQ. (22) because they can be obtained by solviagdtativistic equations of motion.

" The density of force in the S.I. is obtained dirg by c? taking c= 30.0°m/s.
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4.2. Equations of motion in the reference frame atest

It is also convenient to determine the motion ef tbtating fluid in the reference frame
S’. The Egs. (19) allow to obtain the density @ &xternal force in S” using Egs. (29),
(30), and Egs. (32) to (35)

fr =0, (36)
frr=fr (37)

{1”2(@}2 }dng
dt ). | dt?
f'g :_pi '2 2
il

d

f'*=f*=0. (39)
Also for the same reasons given for S, from novowly the radialf'* and tangential
f'¢ components of the density of the external fordetve referred to.
In addition, introducing Eqg. (22) into Eq. (13) gs/the velocity of S

;99
"o dt

(2]
dt

If the angular velocity is constar%t— = w and the fluid is initially at rest df =t, in S

, (38)

with densityp,, then the relativistic centripetal force givenlbys. (37) and (3%)

Wr
rro_
frel __1001+a2r2 (41)
N

—_~ 28
2 2110 i /ﬁ
¥ _aper - .
™ _6l10% | |

0 05 1 15

r(s

Fig. 1. f . asfunction of r with constant angular velocity = 3rad /s. The minimum is
fy=-40500%Kg/s*=-4500"N/m*at r=1/c.

® p,can be chosen as the proper energy density of whgaris p, = 27[10°' Kg/s® = 9110° J / m?.
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is different from the classical law

fi = —p,Wrr. (42)
0 \
AN
AN
AN
ér: -200”° - \\\\\ -
E \
s § \
<
- 4007 —
0 05 1 15
r(s)
Fig. 2. Classical law for. = 3rad /s ', =-8110"%kg/s* =-900"N/m*at r =1/ .

5. Time travel

In this section we apply the results obtained engrevious sections to determine the

dynamics of the rotating perfect fluid without pase to go back in time. This means
finding the external force applied on the fluidgim back in time with rotational motion.
For this purpose the only available degree of foeedf a rotating perfect fluid, that is,

dg

the angular velocityd—t is fixed. This variable is chosen so that the assed time

obtained from Eq. (22) allows the fluid to go backime. The travel will take five legs.

d¢

The procedure is the following: first, we fix thegalar velocity o and second, we

I

calculate?}—tt through Eq. (22), integrating the last we obtgint'(t,r) and deriving

this we calculat%t—. In addition, we use Eq. (31). Then, we insegsthresults into the
r

equations of motion (33) and (34). Occasionallywileuse Egs. (37) and (38) to show
the motion in S".

5.1. Temporal acceleration

In general, due to the difficulty to synchronize@erated clocks with inertial clocks,
the clocks of both frames must be synchronizedrbedtarting the motion. At the
beginning, the observers located in S” and S amsatn an inertial reference frame in
which the Minkowski metric Eq. (1) is valid. Thilaws to synchronize the clocks of
both frames according to the criterion of the ligiginals proposed by Einstein [39].
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During the motion, moving clocks can be compareith wiocks at rest except during
the travel to the past as we saw in the introdactio

The first leg of time travel occurs during the ive t, <t <t, for an observer located

dg

in S. If the reference frame S is initially at rast =t, the simplest functiona is
dg,
—L=alt-t 43
- alt-t) (43)
wherea, is a constant that can be chosen so that
a >0 (44)
In addition
%Lt':\/ﬂafrz(t—to)z, (45)
R 220t _4+ \2 1 _ 2.2 _4 \2
t=to+— Ji+alr(t-t,) +o_—Ln ar(t—t,)+y1+a’r2(t-t,) (46)
ar
and
ot t-t,

1
— 1+a’r?(t-t,)* - Ln[ rt—t,)+y1+a’r?(t-t 2}20.
= LA t) 77 A o)1+ 8 r?(t-t,) (47)
We obtain for this fluid in the reference frame8idg the first leg of the time travel
fr - _ poalzr(t_to)z

, 48
1+a’r?(t-t,) (48)
Trarr (-t )f M adt-t, ) -
) rylta r 0 Eal o) T& (49)
f7=p
| [1+a12r2(t—t0)2]2
wherea—' is given by Eq. (47).
r
5.2. Time reversal
The second leg of time travel occurs during therial t, <t <t, for an observer
located in S. The simplest functi(%;ﬁ which gives time reversal is
d¢ 1 2
d'[” = 1 \/az('[2 —t)3 +D,. (50)
(tz _t)3
Introducing Eq. (50) into Eq. (22) we have
at, 1 2
a—"{'= : \/(1+ azrz)(tz—t)s +b,r?. (51)
(tz _t)3

It is observed tha% changes sign at=t,, which allows the fluid to go back in time

as it was discussed in EqQ. (22). Integrating Efy) fgelds
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3 3

" 1 2 2 1 2 2
L =1 +m|:(1+a2r2)(t2 _t1)3 +b2r2} _1+a2r2 {(1+a2r2)(t2 _t)3 +b2r2} (52)

where the functiort; =t;(r) is calculated from the continuity of
Ll el -t ot arf -t) e el W) | 69
2 2a,r
In order to avoid inconsistencies it is convenidiat
a, >0. (54)
The shape of the function given by Eqg. (52) with &38) that reaches a maximum at
t =t, allows time reversal which occurs at that time also the travel to any time in

the past as indicated in the introduction. Morepitas compatible with time dilation
since it verifies Eq. (22).

t, =ty +

ty ()

0 I I
1 15 2 2.5

t(s)
Fig 3.t} as function oft taking r =r, =107"s = 30m during the second leg of time travel. The
constants can be chosen ag; =lrad/s?, a, =10%rad?/s?, b, =10"rad?/s*?, t, =0,
t, =1s, t, =2s andt’,=0.

Deriving Eq. (52) and taking into account Eq. (8&) obtain
ot, 1
- 2a1r2 Ln|:a1r(tl_t0)+\/1+ aizrz(tl_to)z]

_:tl_to 2.2 _+ Y2 _
ar 2r \/1+a1r (tl tO)

2
2V 4\ 3
+ azr(1+ ar )(tz t1)3 "'23-2bzr + 30,1 \/(1+a2r2)(t2 _tl)g +b2r2
(1+ a2r2)

2
a,r(L+a,r2)t, —t)s +a,b,r® +30,r
(1+ a2r2)2
The proper energy density at tirhe t, is obtained from Eq. (31)

Yo+ ar?)t, 1) +byr? >0 (55)
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Lo _
1+ rz((m'jz (56)
dt =t

Introducing Egs. (50) and (56) into Eqs. (33) aBdl) (ve obtain for this fluid in the
reference frame S during the second leg of the trenee|

o =p(t) =

a,t, —t)% +h,

fl: = _por 2 ' (57)
(L+a,r2)t, —t)s +b,r?
\/ ) 2 , Ot} 2 2 b,
ry @+ a,r2)t, —t)s +byr o a,(t,-t)s +b, | - _
§0 = 3 az(tz _t)5 +b, (58)
n - pO 2 2
[(l"' ar 2)('[2 —t)s +byr 2}
ot, . .
Wherea—r is given by Eq. (55).
a) b)
_15010% 610" T T
v‘ﬁ _ 2|]_035 — — r\4 4D.049 I~ ]
% <
= -2500° - - e 200° | .
S
| |
- 310% | | 0
1 15 2 25 e 2
() t(s)

Fig 4. If we taker =r, =107's=30m , a, =10"rad > /s?, b, =10*rad?/s** and

0, =2710% Kg/s® = 9110 J / m* we obtain: a)f; asfunction oft during the second leg of time

travel. The minimum isf,| = 2.7 10% kg /s* = ~3[10" N /m?att =t, =2s. b) f as
function of T during the second leg of time trav&he maximum isf = 4315[10*kg / s*
= 479400%N/m?® att =t, =2s.

This solution of the relativistic equations of naotimakes the travel to the past
physically possible for three reasons:

) f, and f’ given by Egs. (57) and (58) are finite throughititerval, which ensures
physical meaning.

II) The continuity of the metric in S given by Eq81) implies the positive sign in Eq.
(22). However, introducing Egs. (50), (51) and (B®) Eqgs. (22) we check that the
metric in S is singular &t=t,while the metric in S” is the Minkowski metric, éref
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singularities. At the singularity, thg, component of the metric Egs. (21) may change

the sign, just like it happens at event horizoa bfack hole with the radial component
of the Schwarzschild metric [38]. This change ghsinakes possible the change of sign
in Eq. (51) which ensures a decrease¢’'ab tincreases and the travel to the past.

[II) This change of sign is physically possible dase the density of the external force

applied on the fluid in S, Eq. (34) or (58) dependghe sign of Eq. (22), sinc%t;—' >0

and so an observer at rest on S can choose bebmeesf them, applying the force to
travel to the past.

Further, Eq. (51) explains the infinite redshift tbe observer S” of the wavelength of a
photon emitted in S and also the similarities iasadblack hole avoiding contradictions
in the way indicated in the introduction.

It can also be verified that changing the sign @f (58) also allows the travel to the

past. Both solutions only differ in the sign oéthAngular velocit%.

The second leg of time travel occurs during therirgl t; <t' <t; for an observer

located in S”.
The rotating motion of this fluid in this referenitame during this leg is

az(tz _t)g +b,
2
(1+ azrz)(t2 ~t)s +b,r?
f16 - _ pObZ

n - 5 -
3ault, ~1)i +b, [(1+ a,r2)t, —t)s + bzrz} (60)

i = =—pr

, (59)

0 I I
=
& 5010 - -
s
-1[10% | |
1 15 2 2.5
t(s)

Fig. 5. f; as function oft takingr =r, =107 s=30m, a, =10"rad?/s?,
b, =10"rad?/s*?® and p, = 27[10* Kg / s® = 910" J / m*during the second leg of time
travel. The minimum isf "% = -9M10*kg/s* =-10"N/m® att =t, = 2s.

We also note thaf,|" and f,° are finite through the interval.
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It is observed that the density of the externatdof,® given by Eq. (38) or (60) does

I

ot . e :
not depend OH(#. This means that an observer located in S” cdongé the time
reversal because the positive and negative sokitibiq. (22) lead to the sarrfe?’ .

: , ot :
For this reasonf,’ only prowdesa—iI >0. On the other hand, an observer located in

the reference frame S, physically distinguishe#$ Isotutions and he can choose the
solution in Eq. (34) or (58) that causes the tienersal.

It can be advisable to write Egs. (59) and (603 &sction of timet" measured in S”.
For this, it is necessary to firtdas a function ot’ from Eq. (52).

It can be checked by inspection of Egs. (40), @) (31) that the fluid reaches the
speed of light in S™ at time=t, because the proper energy density of the flurtilbat

time in which time reversal occurs.
5.3. Back to the past

The third leg of time travel occurs during the mtd t, <t <t, for an observer located

in S. Itis convenient to keep angular veloc%% constant during this leg and thus

dg,,
b alIP 61
= (61)
where a, is a constant so that
8, <0 (62)
In addition
T = 1valr (63)
and
thy =t +y1+a,°r? (t-t,) (64)
where

=t + 1 \/1+a1r ~t,f +éLn[a1r t,) +1+a2r2(t )1

[(1+a2r )(t §+br f (65)

3
R 2{(1+a2r )(t 3+br T—

1+a,r
Deriving Eq. (64) we obtain

1+a,r?
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ot _dty, a’r

P =Fay BT (-t),
o Jant o (66)

(7]
s

It is necessary to determine the velocity Eq. (§3e travel to the past. Asa%
depends omr to determine this velocity it is convenient to fixso that, inr =r,
verifies
atI’II
i =V
at |, . (67)
whereV is a constant greater than zero
V >0. (68)
We obtain for this fluid in the reference frame8idg the third leg of time travel
2
ro_ a
f||| =~Pof 1+ a32r2 ] (69)
ryl+a,’r? atia;’
0 = or (70)
1 £o 5 2
2]

wherea(;% is given by Egs. (65) and (66).

5.4. New time reversal

The fourth leg of time travel occurs during thesivel t, <t <t, for an observer located

dg

in S. The simplest functiondT which gives a new time reversal is

dgy _ 1 )
(-, {adtou) o, ()

wheret,, a, and b, are constants verifying
2

t, <t; <tg,b, >0,b, >-a,(t, - t;)s. (72)
Introducing Eq. (71) into Eq. (22) we have
ot 1 2
altv = I \/(1+a4r2)(t—t5)3 +b4r2. (73)

(t-t;)s
It is observed th ;‘t" changes sign dt=t; as it was discussed in Eq. (22).

Integrating Eq. (73) yields
3 3

2 1 2 2
[(1+84I’2)(t4 _t5)3 + b4l’2}2 + 1+ a4r2 [(14— a4r2)(t _t5)3 + b4r2}2 (74)

_1+a4r2
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t; :t(') + Lk \/1+ aizrz(tl _to)2 +i|-n [air(tl _to)+\/1+ a12r2(tl _to)z}
2 2a,r
1 3 3
2 2 2 2
- 1+ a2r2 [(1"' azrz)(tz _t3)3 + bzrzjl + 1+ a2r2 [(1"' azrz)(tz _t1)3 + bzrzjl
1 2
+—1\/(1+a2r2)(t2 _t3)3 +b2r2(t4 _ta)- (75)
(tz —t3)§
In order to avoid inconsistencies in Eq. (74) ik@mvenient that

a, >0. (76)
The shape of the function Eq. (74) that reachesh@ammm att =t. allows a new time

reversal which occurs at that time.
Deriving Eq. (74) we obtain

2
oty _dty _ a4r(1+ a4r2)(t4 —t,)s +a,o,r® +3o,r \/(1+a rz)(t _ )g th.r2
4 4 5 4

or dr (1+ a4r2)2
2
N a4r(l+ a4r2)(t —t5)3 +a,b,r* +3o,r \/(1_'_ a4r2)(t _ts)g +h,r? <0. (77)
(1+ a4r2)2
The proper energy density at time t, is calculated from Eq. (31)
P, = plty) = o (78)

1+r 2(d¢lll j
dt t=t,

Introducing Egs. (71) and (78) into Eqs. (33) abdl) (ve obtain for this fluid in the
reference frame S during the fourth leg of timedia

a4(t _ts)g +b,
5 :
(1+ a4r2)(t ~t,)3 +b,r?

3
r\/(1+ a,r2)t —t5)§ +b,r? a(;'r" [a4(t —ts)g +b4}2 + b, _
3 a4(t—t5)§ +b, (80)

fv == (79)

f|\9/ =05

[(1+ a,r2 )t —ts)g + bzlrz}2

Wherea(;—'r" is given by Egs. (75) and (77). We also note thatand f/, are finite

through the interval although the metric in Eq.)(Blsingular at =t..

Again, it is observed that the new time reversaldssible becausé; depends on the

' ot
v because(# <0.

sign of
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We can prove thaf,; and f;’ are finite through the interval. Again, it can\meified
that at timet =t; in S, the fluid reaches the speed of lightin S".

5.5. Temporal deceleration

The fifth leg of time travel occurs during the intal t; <t <T for an observer located

in S. If the rotation stops at the end of the thaattimet =T in S, the simplest
dg

function - is
dt

dg,
—L=a(t-T
o - at-T) (81)
where g is a constant such that
a; <0 (82)
In addition
%’:\/Haszrz(t—T)z (83)
and
t =t b \/1+a52r2(t6 -T)P — Ln[asr(t6 —T)+\/1+a52r2(t6 —T)Z}
r

T e U e T (84)

where
t=t) +t1;t° \/1+ a’r2(t, -t,)° +ZT\11r Ln[air(tl —t0)+\/1+ a’r?(t, —to)z}
1 2 2 2|2 2 2 5|2
_1+a2r2[(1+ a,r )(tz—tg)s +h,r } +1+a2r2[(1+ a,r )(tz—tl)g +h,r }
" : 1 \/(1+ azrz)(tz _ts)g + bzrz(t4 _t3)+ 1+:; r2 [(1"' a‘4r2)(t6 _'[5)g + b4r2}2
(tz _t3)3 4
3
1 2 2
_1+a4r2 [(1+a4r2)(t4 _t5)3 +b4r2}2- (85)

It is convenient that the travel ends at a cetiaie T' in the past of S™. A$' =t'(t,r),
it is advisable to fixr in which this happens. This will be=r, and so

t(M), =T (86)
Deriving Eq. (84) we obtain

at\'/ dté tG _T 2.2 2
=%l = fealrf,-T) +
o dr 2 \/ a;"1*(ts =T) 2

1

. Ln[a_,,r(t6 —T)+\/1+ a’r?(t, —T)ZJ
r
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+ﬂ\/1+ a r2(t-T) - 1 - Ln[asr(t —T)+\/1+ ar?(t —T)Z] (87)
2r 2a.r
We obtain for this fluid in the reference frame8idg the fifth leg of time travel

fr - — pOa‘Szr(t _T)2
R P (B

(88)

ot,
ryl+ar?(t-T)" —La (t-T) -
ff=poJ a,'r*(t-T) “ra’(t-T) -a, -

[1+ a’r(t —T)Z]2

Where%i is given by Egs. (85) and (87). Observe that trestants appearing in the
r

equations have been chosen to avoid inconsisteactthey will be constrained by
Egs. (67), (86) and continuity conditions. Freestants can be chosen to minimize the
external force applied to achieve time reversal.

And this is the end of the travel to the past. tAs easy to imagine, the return travel to
the present can be carried out in a similar waygnity three legs that do not entail as
much difficulty as the travel to the past.

Finally, note that the travel to the past can bexus interstellar space travel. Indeed,
due to the effect of time dilation, if a travelleached a speed close to that of light he
could reach his destination star in a few montr@véler, when he returned to Earth he
will note that here hundreds or thousands of ykave passed. If the traveler went back
in time he could make the duration of the travel game for both the traveller and
people on Earth.

Appendix A: Einstein’s equations with scalar field

The above results are adequate in a flat spacetiiie absence of gravity when the
gravitational field created by the fluid is so wehkt it barely curves space-time which
happens in practice. Although it is not relevantha exposed developments, it is
convenient to generalize the formalism to the aasehich the gravitational field
generated by the fluid is important. The resulthmabsence of gravity are obtained as
a particular case. To do this, it is necessargsont to Einstein’s field equations.

First, it should be noted that the energy-momentemsor Egs. (25) is not conserved, as
it is deduced from Egs. (3), so that it is not cafitge with Einstein’s equations

R% —% g"’R=-87GT* (A1)

for which the energy-momentum tensor is conservag means that the energy-
momentum tensor Egs. (25) is not adequate to ed&ethe gravitational field created
by a perfect fluid subjected to mechanical forces.

The simplest way to avoid this difficulty is intnacing a scalar fieldz into Einstein’s

Egs. (A1) similarly to the Brans-Dicke Theory [4This scalar field verifies a new
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differential equation. The simplest generally comair field equation for such a scalar
field is

@, = ARy, (A2)
where A is a coupling constant ari@,” is the energy-momentum tensor of the matter

when gravity is present.
The most general symmetric tensor for this fieldstmmontain terms which involves two
derivatives of one or twg fields

" =A@ " +B(X9" @ g, +C(X)¢"" +D(X)g" p",. (A3)
Einstein’s Eqgs. (Al) including this scalar fieldear

v 1 v —_ v v
R =2 g" R=-876(T, " +T) (A4)

whereT)" verifies
FA =T (A5)
andT," is the energy-momentum tensor of the scalar fieldn by Egs. (A3).

In order to determine the functioAéx), B(x), C(x) and D(x) which appear in Egs.
(A3), the covariant divergence of Egs. (A4) is cédted obtaining

- G, - a B aa,

fH=-

~C0@. 1 o Bg"%" -D(X¢@'", (A6)

where EgQs. (A3) and (A5) have been used. Thestarequations of the dynamics of
the scalar field that determine the four functiéfs), B(x), C(x) and D(x) if the

density of the external forcet” are known.

A.1l. Reference frames

The ten Eqgs. (A4) of the gravitational field are imulependent but are related by the
four Bianchi identities which reduces Eqgs. (A4sito independent equations. To
determine an unambiguous metric, it is necessaagldofour more equations to fix the
gauge, that is, the reference frame.

In the presence of gravity, it is also conveniendefine a reference frame at rest S” as
described in section 2. Since Egs. (3) are the senie a Gravitational field in the
presence of external forces [30], [37] accordinth® Principle of Equivalence, then in
any reference frame, for example, the referencedra’, the equations of motion of the
fluid will be

T,/
ox'?
Now, Egs. (2) must be also verified in the refeeeftame at rest S°

7 rua
=Ty, =

+T ;,gT;/ﬁ + ATy - (A7)
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_oT,

fra . (A8)
axlﬂ
This is equivalent, in view of Egs. (A7) to cho@sgauge such that
Coa Ty + T AT =0, (A9)

These four equations that determine the gaugeighthie reference frame S’, are not
covariant so they are not valid in any referenaent, but only in S”.

The moving reference frame S is chosen, as ina@e2tisuch that the fluid, which
originates the gravitational field, is at rest

LSS (A10)
dr
In addition, to fix completely the reference fraBgt is necessary to add another
condition that it can be obtained as in Eqg. (10)rbyosing that the time-time

component of the metric must be the same in ayeate frame

Ore= Ok (A11)
where g, is the time-time component of the metric in thierence frame S™ at rest.

The three Egs. (A10) together with Eqg. (A11) fixodrer gauge, that is, the reference
frame S.

Once the reference frames have been fixed and éfcris known in S”, as a solution
of Einstein’s Egs. (A4) in the gauge Eqs. (A9),ea@ proceed as in the previous
sections.

A.2. Relevance of the scalar field

The introduction of the scalar fielg gives the Minkowski metric Egs. (1) as a solution

of Einstein’s Egs. (A4) in the gauge Eqgs. (A9).sTbolution is adequate in the absence
of gravity. In practice, this happens when the gatonal field created by the source is
so weak that it barely curves space-time. In titigson, in any reference frame, it is
verified

R* =0 (A12)
and
R=g,R¥ =0. (A13)
It can be shown from Egs. (A12), (A13) and (A4)
Ty =-T,%, (A14)

so theg¢ field is especially important.
In vacuum, the energy-momentum tensor of the mestteero

T, =0 (A15)
and Eq. (A2) will be written as

° It is possible to find a reference frame like thézause external forces can apply in such a veyath
the particles of the fluid are at rest.
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¢, =0 (A16)
while Eqgs. (A5) give

f# =0 (A17)
Introducing Egs. (A16) and (A17) into Egs. (A6) alatain
0=28 gt +[A)+ 280N @, + 2o g e g, + o g+ C(p, . (AL8)
ox“ A e T ot o
One solution of these equations, only valid ondhtside of a static source, is
A(X) = B(x) =C(x) = 0. (A19)

From Egs. (A16) and (A19) the energy-momentum tekss. (A3) of the scalar field
¢ invacuum is

T, =0. (A20)
Equations (A15) and (A20) imply that in this casgsE(A1) and (A4) have the same
solutions in vacuum and the scalar field does hahge the solutions of the Egs. (Al)

that explain, among other phenomena, the dynanhitee@lanets. In other cases, their
significance will have to be determined.

A.3. Cosmological Dark Energy

The scalar field may be considered as the sourdarfenergy [41-44]. The
introduction of the scalar fielg into Einstein’s Eqgs. (A4) through energy-momentum

tensor Egs. (A3) adds four independent functiortbédield equations. If the mass-
energy of the matter is conserved

Ty'e =0 (A21)
only three degrees of freedom remain. This has itapbcosmological implications
because three of the four functioAsx), B(x), C(x) and D(x), of Egs. (A3), are
independent and they can be adjusted to the oligerabdata of accelerated expansion
of the Universe.

Conclusions

The exposed developments demonstrate the thednedissibility of travelling to the
past, in the case of a macroscopic perfect fluithovit pressure in the absence of
gravity and without violating the laws of Special&ivity. This is only possible if the
fluid is accelerated to the speed of light. At ttmse, the metric has a singularity that
makes possible the time reversal, arguing thatishpdysically possible. To show all
this, a relativistic treatment of rotation has be®ade using the principle of General
Covariance, which has proved to be practical. Rmdlis necessary to introduce a
Scalar Field into Einstein’s equations to explalativistic dynamics satisfactorily. This
Scalar Field is the origin of the inertia and isimade possible to generalize the
formalism to the case in which the fluid generaesppreciable Gravitational Field.
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